Anomalous Local Criticality in Heavy Fermion Metals from Holography 
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We propose a holographic theory to explain numbers of anomalous critical phenomena observed 
in certain heavy-fermion metals, e.g. CeCus.gAuo.i and YbRli2(Sio. 95660.05)2, incompatible with 
any conventional spin-density-wave quantum critical point theory. We show that the non-Gaussian 
nature of the fixed point from holography plays an essential role in the physics of these materials near 
a quantum critical point, which is not in the same universality class of the spin-density-wave type 
fixed point. The critical spin fluctuations at the non-Gaussian fixed point are strongly anisotropic, 
localized in spatial directions and critical in temporal directions with exponent 2/3 in frequency 
over temperature dependence at low temperature. The local critical exponent tends unity which 
leads to a constant spin relaxation rate at high temperature quantum critical regime. The stability 
of the fixed point is also discussed. 

<D , 

Heavy fermion metals undergoing a magnetic quantum phase transition are expected well described by the Kondo 
lattice system of local moments/spins interacting with conducting electrons. However, certain heavy-fermion metals 
such as CeCu6- x Au x Glfland YbRh2(Sii_ x Ge x )2 043 contradict the traditional Landau- Ginzburg type spin-density- 
wave (SDW) picture [&-fl2l| (e.g. CeNi2Ge2 Q> CeCu2Si2 [IH) of magnetic quantum phase transition in the Kondo 
systems. Anomalous critical behaviors of spin susceptibility of these materials have been observed when they are 
chemically tuned to a quantum critical point (QCP) from paramagnetic metals to antiferromagnetism by varying x. 
A number of striking features shared by these materials near the QCP are inconsistent with usual SDW transition 
theory. (1) The frequency lo over temperature T scaling of the dynamical spin susceptibility displays a fractional 
exponent, however, lo/T scaling never occurs and its critical exponent is expected to take mean-field value of unity 
in 2D or 3D SDW QCP theories. (2) The fractional uj/T scaling exhibits wave vector independence, occurring not 
only at the antiferromagnetic wave vector but generic wave vector in the Brillouin zone. (3) Quasi-2D structure of 
these materials and strong anisotropic in critical spin fluctuation probed by neutron scattering experiment, which 
suggests certain local feature of the criticality. (4) Different from the traditional Kondo picture that the local spins 
of these materials are completely quenched by conducting electron at sufficient low temperature, in contrast, the 
spin susceptibility diverges rather saturates below the Kondo temperature which indicates the spins persist and a 
destruction of Kondo singlet near the QCP. 

The feature (4) provides a clue to an important question that whether the spin critical point of these Kondo system 
at T=0 is asymptotic non-interacting one or interacting one. We can imagine that if the local spins in the Kondo 
system are asymptotically quenched in the vicinity of the QCP, the non-linear self-couplings between local spins are 
irrelevant in the renormalization-group sense, which naturally leads to a standard SDW type of QCP and hence this 
type of fixed point of the Kondo system is Gaussian. On the other hand, the fixed point could be non-Gaussian when 
\Q \ the local spins are not free in the case of Kondo destruction. It is well known that different types of fixed point are 
associated with different universality classes taking different critical exponents, so the feature (1) and (4) are both 
imply the fixed point of these anomalous materials might not be trivially a Gaussian SDW type. The goal of this 
. letter is to show that all these anomalous critical behaviors can be explained if we assume the Kondo system is at a 
i—\ ' non-Gaussian fixed point. However, studying the Kondo system at a non-Gaussian fixed point as a non-perturbative 
problem makes this idea difficult to be worked out theoretically. Phenomenologically, additional relevant critical 
. i-H " modes responsible for the non-Gaussian aspects could be introduced based on certain effective models of the systems, 
the extended dynamical mean- field theory analysis of the Bose- Fermi Kondo model along this direction has been 
developed in [14| - |l6l |. but so far to identify new critical modes in these systems experimentally is not an easy task. In 
. . .' this letter, we treat the Kondo lattice model as our first principle theory, and map the problem of Kondo systems at 
non-Gaussian fixed point to a solvable classical problems in a curved geometry from holographic duality. 

We first generalize the spin symmetry of the Kondo system from SU(2) to SU(N) and take large-N [17j . so in fact, 
the Kondo system is just a gauge system with SU(N) gauge group. The partitition function of Kondo system can be 
formally written as a functional of magnetic field coupled to the local spins by integrating out conduction electrons 
and local spins, 

Z[B] = J n^[4>^,5w]e^^[ ct ' c ' S ] +tr ( S - B )], (1) 
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in which H is the microscopic Kondo lattice Hamiltonian defined at ultraviolet, 

H = tij C ta C jo- + -JT- ^ i ' c iaFvv' C iv' + lij^i ' Sj, (2) 

icra' (ij) 
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in which c\ a ,Ci a are the conduction electrons at site i with spin index a = 1,,.,,N, Si is the local spins at site i 
taken an antisymmetric representation of the SU(N) group, T = (T 1 , T 2 , T N ~ 1 ) are the SU(N) generator, Ju is 
the Kondo coupling between conduction electrons and local spins, / is the Ruderman-Kittel-Kasuya-Yosida (RKKY) 
coupling between nearest on site local spins, and B is the external magnetic field coupled with local spin, the trace is 
taken over the gauge representation of rank-N. 

The details of the microscopic Hamiltonian may not be important, since the system becomes universal at fixed point 
including the infared non-Gaussian fixed point we focus in this letter, the important inputs are just the symmetry group 
and the dimensionality of the system. The holographic approach provides us a way to probe universal macroscopic 
features of such system at a non-Gaussian fixed point without knowing any microscopic details. The holographic 
duality says that there exists a non-Gaussian fixed point in this SU(N) gauge system at large-N limit, a d-dimensional 
theory at a vicinity of a non-Gaussian fixed point duals to a theory living on the boundary of an d+1 dimensional 
asymptotic anti-deSitter (AdS) gravitational background, Zqft = ZAdS Gravity OUCH- Therefore, the partition 
function Z[B] at the non-Gaussian fixed point could be given by calculating its gravitational dual partition function. 
The large-N limit suppresses the fluctuations near the saddle point to the order 0(1/N), the saddle point value 
gives the dominate contribution to the partition function of the gravity side, so the duality implies that the partition 
functional Eq.([T]) takes the fixed point value 



Z\B] = e 



S cl [B] 
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where S c i is the classical action of magnetic field in an d+1 dimensional asymptotic AdS gravitational system. When 
the boundary theory becomes strongly coupled, the action is reduced to Einstein theory with classical asymptotic 
AdS metric. We take the U(l) subgroup of the SU(N), then 

S cl [B] = - T ^- f d d+1 x^—gF^\ (4) 
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where is the fields strength, Bi = {i = 1,2,3), and g\ M — 16ir 2 R/N 2 is the gauge coupling. In order 

to model the quasi-2D structure and strong anisotropic mentioned in feature (3), in this letter we need d = 3 + 1 and 
lie the wave vector q along a special direction, e.g. q parallels to the easy moment direction c axis (we denote it as 
z-direction), q 2 — \q z \ . To introduce finite temperature to the system, a black hole is required to embed into the 
AdS 5 background, which gives the metric ^,,,[2(1 l2l| 

ds 2 = \-f(u)dt 2 + dx 2 + dy 2 + dz 2 ] + —^j--du 2 , (5) 

u iu z j(u) 

where f(u) = 1 — u 2 , and u valued from (boundary) to 1 (horizon of the black hole) is the coordinate of the extra 
dimension, R is the curvature radius of the AdS space. 

Thus far we are able to directly write down the non- Gaussian fixed point action of the Kondo system from the 
gravitation theory according to the holographic duality, 

Sd[B] = J dxdy J duf{u) J [B' 2 (u,^q) + B' 2 (u,u,q) + ...] , (6) 

where prime represents the derivative with respect to u, and uj — uj/2itT, q = \q z \ /2nT are dimensionless frequency 
and wave vector scaled by temperature. Since the partition function is just simply a functional of B, we have 
formally integrated out all dynamic modes including fermionic and bosonic, then the effective spin susceptibility as 
the quadratic coefficient can be obtained by the linear-response theory from weak external applied magnetic field, 

where the Fourier components of the spin susceptibility \ i s defined by the two-point function of spins, 

Xy(w,q) = -i [ dxdtO(t)([Si(t, x), Sj (0, 0)})e~^ t+ ^ x . (8) 



Note that in Eq.© there are terms only with B x and B y , no B z , we find 



X = Xxx = Xyy = ^2*0^ 9) S i Xzz = 0, (9) 
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where 

$(i,?) = liin^ (10) 

is a universal scaling function. This result Eq.© leads to an explanation of the feature (3), the strong anisotropic 
between xx(yy) and zz components of the spin susceptibility is a direct consequence of the Bianchi identity or 
equivalently the transversality of the magnetic field propagating along z-direction. Do not confuse the anisotropy of 
the magnetic response with the isotropy of the AdS background Eq.([5]), here the magnetic field in isotropic 3+1D 
reduces the critical spin system to an anisotropic XY spin system. S = |iV 2 T 2 is the charge susceptibility (2l| . 
Because of the sensitivity to the total number of degrees of freedom N and the non-trivial charge susceptibility 
5 r~j (Q 2 ) at large-N and strong-coupling, the quantity we can use to compare with measurement is just \p = x/"- 

The <&((!>, q) is a regular function deduced from the solution of wave equation of the magnetic field, 

(V — 5ff A ' ly 9 pX Fv\) — 0, the wave equation in extra dimension is as 



As a consequence, 1/q 2 is the only singular part of the Xp m Eq.([H]). It peaks when the wave vector along line in the 
specified z-direction taking critical wave vector, indicating the magnetic fluctuations and hence the spin fluctuations 
are quasi-2D (x-y plane) in real space. The singularity of Xp m g-space with mean-field critical exponent signifies the 
emergence of spatially local critical modes that associated with the traditional long-wavelength fluctuations of the 
order parameter. The locally critical picture arise as a result of two-dimensional transverse magnetic fluctuations. 

We are now in a position to consider the scaling function as a residue at the peak wave vector in Eq.(|9]), so we 
write it as Q(u) q ) in which we have taken the on-shell relation between u> and peaked q. Since the temperature is 
the only scale of the system, the $(Cj q ) exhibiting uj/T scaling is a direct consequence of conformal nature of the 
holographic theory in a thermo-bath. At low temperature limit, where ii,g> 1, the magnetic field in bulk AdS space 
is relativistic, i.e. Cj q = q. The asymptotic solution of Eq. tfTTj) in this limit can be obtained by using Langer-Olver's 
method [22| [23] . we find its spectral function 

cx w 2 / 3 , (w, > 1). (12) 

The w/T scaling exponent 2/3 at the peak wave vector (on-shell modes) is an exact result in large-N limit corresponding 
to the case of strongly anisotropic XY spin system with completely vanished interplane response Xzz- Such value of 
fractional scaling can also be obtained from numerical method. A deviation from the on-shell level condition has two 
important consequences, first, it leads to a correction to the on-shell value 2/3, i.e. Im<I> cx o) 2 / 3 + c '( w_ 9)j second, the 
exact transversality is also broken beyond the tree level which leads to a departure from the quasi-2D structure and 
strongly anisotropic, i.e. Xzz deviates from zero. 

Within experimental resolution, this on-shell value scaling agrees well with measurements of ac susceptibility 
X P ~ T -0 - 6 Q in YbRh 2 (Sio.95Geo.o5)2, and approximated Xp ~ T -0 75 jsj in CeCus.gAuo.i. The fractional ex- 
ponent presented here demonstrates that it is not in the same universality class of the SDW theory nearby the 
antiferromagnetism. A salience feature of this result is that the anomalous exponent only occurs in the temporal 
fluctuations independent to the wave vector, while the exponent of spatial fluctuations are conventional mean-field 
type. 

At high temperature limit, when ui, q <C 1, the dispersion is hydro-like, i.e. Q q = q 2 , we find the scaling function 

Im$(ij q ) cx Q q , (uj q < 1). (13) 

Therefore, the scaling of local susceptibility gradually becomes unity in high temperature regime, which returns back 
to the standard Curie- Weiss scaling Xp ~ an d leads to a constant spin relaxation rate T-[ ~ const. 

Another important question concerns the stability of the non-Gaussian fixed point from holography. Considering 
modes propagating in an asymptotic AdS space with a charged black hole. The coupling between the modes and 
electric field of the charged black hole gives a contribution to the effective mass, m 2 ^ = m 2 + e 2 g u (j) 2 , where <j> is the 
electric field of the black hole, e the coupling constant. Note that the g tt of AdS-charge black hole space is negative 
defined outside the horizon and diverges to — oo near the horizon, so the to 2 ,// ^ s inevitable to become negative no 
matter how small the coupling and electric field are. Therefore, the modes are unstable even if the chemical potential 
that duals to the electric charge of the black hole is small, which leads to unstable modes living on the boundary 
of the AdS space. The instability is rather an intrinsic property of the holographic fixed point theory, so such fixed 
point we have discussed is in general associated with a real critical point observed in experiment but a phase (stable 
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fixed point). In this sense, therefore, this type of quantum critical point is not very likely to develop superconducting 
phase close to the border of the aiitiferromagnetism, while the quantum critical point of the SDW type in a number 
of heavy- fermion metals do. Until now, no clearest experimental evidence shows that [zjj . 

To summarize, we have generalized the Kondo lattice system to the SU(N) gauge theory with large-N, so beside a 
trivial Gaussian fixed point, a non-Gaussian fixed point of the system is also conjectured by the holographic duality. 
These two types of fixed points belong to different universality classes with different critical exponents. The non- 
Gaussian fixed point theory proposed by the holographic duality explains numbers of anomalous features observed 
in certain heavy-fermion metals (e.g. CeCus.gAuo.i and YbRh2(Sio. 95660.05)2) that are incompatible with any SDW 
pictures. The feature (1): the lu/T scaling is the consequence of thermal conformal field nature of the holographic 

theory. The fractional critical exponent lm.x P (6j q ) ~ cl" 2 ^ 3 at peak wave vector, which fit the measurement well, is 
obtained by the asymptotic solution solving from the on-shell wave equation of magnetic field propagating in AdS space 
at low temperature. The feature (2): the mean-field value for the spatial critical exponent Xpil) ~ V? 2 gives rise to 
the divergence of the correlation length in space and standard long-wavelength modes, which coexist with anomalous 
temporal local critical modes. The feature (3): the quasi-2D structure and strongly anisotropic spin susceptibility are 
the direct consequences of the special direction of the wave vector of the magnetic field and its transverse nature. The 
feature (4): the holographic theory is non-confining, so it only concerns with the Kondo-singlet-destroying quantum 
criticality in which the local spins persist to asymptotically low energies and become critical. Our theory also gives 
a standard Curie- Weiss scaling and constant spin relaxation rate at high temperature in quantum critical regime, 
which is consistent with measurements. Our theory also suggests that the fixed point corresponding to the anomalous 
criticality is unstable, so that it is bare and not very likely to develop superconducting phase near the quantum critical 
point. 
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